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Abstract
A graph G is (m, n)-linked if for any two disjoint subsets R,B ⊂ V (G) with |R|m and |B|n, G has two disjoint connected
subgraphs containing R and B, respectively. We shall prove that a planar graph with at least six vertices is (3, 3)-linked if and only
if G is 4-connected and maximal.
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1. Introduction
A planar graph G can be drawn in the plane without crossing edges. We say that G is maximal if for any two
non-adjacent vertices x and y of G, the graph obtained from G by joining x and y is not planar. A maximal planar graph
can be realized as a plane triangulation, that is, one with each face triangular. We denote the vertex set and the edge
set of a graph G by V (G) and E(G), respectively. For a vertex v of G, let NG(v) denote the set of neighbors of v in
G. A subset S of G is said to be separating if G − S is disconnected. Suppose that G has a cycle C. A chord of C is an
edge xy such that x, y ∈ V (C) but xy /∈E(C). A double wheel, denoted by DWk , is a 4-connected plane triangulation
consisting of a k-cycle v1 · · · vk (k4) and other two vertices x and y lying on the interior and the exterior of the cycle
with edges xvi and yvi , for i = 1, . . . , k. An edge of DWk not contained in the k-cycle is called a spoke. In particular,
DW4 is the octahedron.
A graph is said to be k-linked if for any distinct 2k vertices a1, . . . , ak, b1, . . . , bk , there are disjoint paths from ai to
bi , for all i. A graph G is said to be k-ordered if for any distinct k vertices of G, there exists a cycle of G through them
in any speciﬁed order.
Recently, Chen et al. introduced the notion “(m, n)-linked” [1]. This derived from the Graph Minor argument related
to a graph linkage problem. A graph G is said to be (m, n)-linked if for any two disjoint subsets R,B ⊂ V (G) with
|R|m and |B|n, there are two disjoint connected subgraphs GR and GB containing R and B, respectively. Clearly,
a graph is 2-linked if and only if it is (2, 2)-linked. But there seems to be no relation between 3-linked graphs and
(3, 3)-linked graphs. In this paper, we focus on (3, 3)-linked planar graphs.
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In this paper, we shall prove the following theorem:
Theorem 1. Let G be a planar graph with at least six vertices. Then G is (3, 3)-linked if and only if G is maximal and
4-connected.
It is clear that if a graph is complete, then it is (3, 3)-linked. Moreover, if a graph G is non-complete and has at most
six vertices, then G is not (3, 3)-linked (because G has a 3-cut).
It is easy to see that if a graph is 4-ordered, then it is 2-linked, and hence (2, 2)-linked. Goddard proved that every
4-connected maximal planar graph is 4-ordered [2]. However, the converse does not necessarily hold; that is, the
maximality is necessary but the 4-connectedness is not. We have the following corollary, combining Theorem 1 with
the result on 4-ordered planar graphs. However, we do not know whether the corollary holds without the assumption
on the planarity.
Corollary 2. If a planar graph G with at least six vertices is (3, 3)-linked, then G is 4-ordered.
2. Proof of Theorem
In this section, we shall prove Theorem 1. In order to specify two disjoint subsets R and B of the vertices, we suppose
that the vertices in R are colored red, those in B are colored blue, and other vertices are white. Therefore, all vertices
of the graph considered are distinguished with three colors, red, blue, and white. Each edge is classiﬁed according to
the color of its end vertices. An edge joining two white vertices is called a white edge. An edge joining red and blue
vertices are called a vivid edge.
To prove the theorem, we need the following lemmas, which are easy to prove and well known.
Lemma 3. Let G be a k-connected maximal planar graph and S ⊂ V (G)with |S|=k for k=3, 4, 5. If S is separating,
then there is a chordless k-cycle passing through S.
Lemma 4. Let G be a 4-connected maximal planar graph and let e be an edge. If the graph G/e obtained from G by
contracting e is not 4-connected, then e is contained in a separating 4-cycle in G.
Lemma 5 (Hama and Nakamoto [3]). Every 4-connected maximal planar graph is transformed into the octahedron
by a sequence of edge contractions, preserving the 4-connectedness.
We shall prove Theorem 1.
Proof of Theorem 1. We ﬁrst prove the necessity. Suppose that a plane graph G has a non-triangular face F with
boundary walk v1v2 · · · vk (k4). If v1, v3 ∈ R and v2, v4 ∈ B, then G has no two connected subgraphs containing
R and B, respectively, by the planarity. Therefore, all faces of G must be triangular. If G has a cut set S ⊂ V (G) with
|S| = 3, then G must have a separating 3-cycle consisting of the three vertices of S. If R = S and if two vertices of B
are speciﬁed in two distinct components of G − S, respectively, then G − R has no connected subgraph containing B.
Therefore, G must be 4-connected.
Now we shall prove the sufﬁciency. Let G be 4-connected maximal plane graph, which is a counterexample with a
minimum number of vertices, throughout this proof. 
Claim 1. G has at least nine vertices.
Proof. If |V (G)|7, then G is clearly a double wheel, by Lemma 5. If |V (G)| = 8, G is either DW6 or DW5 with one
spoke subdivided, again by Lemma 5. It is easy to see that a double wheel is (3, 3)-linked. Moreover, the other graph
can be checked to be (3, 3)-linked. 
By the choice of G, there exists two disjoint subsets R and B of V (G) with |R|3 and |B|3 such that there do not
exist two disjoint connected subgraphs GR and GB containing R and B, respectively.
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Claim 2. Every non-vivid edge of G lies on a separating chordless 4-cycle.
Proof. If a non-vivid edge e = uv does not satisfy the claim, then the graph G/e obtained from G by contracting e is
4-connected, by Lemma 4. Let [uv] be the vertex in G/e corresponding to the edge uv in G, with [uv] the color of u or
v if not both are white. Let R′ and B ′ be two subsets of V (G/e) corresponding to R and B in G. Since e is non-vivid,
R′ and B ′ are disjoint in G/e.
Then, by the minimality of G, G/e has two disjoint connected subgraphs GR′ and GB ′ containing R′ and B ′,
respectively. Therefore, it is easy to see that the pre-images of GR′ and GB ′ by the contraction are the required two
disjoint connected subgraphs in G. This contradicts the minimality of G. 
Claim 3. Every white vertex of G has degree at least 5.
Proof. If the claim does not hold, thenG has awhite vertex u of degree 4, by the 4-connectedness ofG. Let v1, v2, v3, v4
be the neighbors of u lying in this cyclic order. By maximality, v1, v2, v3, v4 form a cycle. Since each uvi is non-vivid,
it lies on an separating 4-cycle, by Claim 2. By Lemma 3, a separating 4-cycle through uv1 contains v3 and some vertex,
say x. (Note that this 4-cycle contains neither v2 nor v4, since it is chordless.) Similarly, a separating 4-cycle for uv2
contains v4 and some vertex, say y. By the planarity, wemust have x=y. LetK be the graph consisting of u, y, v1, v2, v3
and v4. Then K is isomorphic to the octahedron, which is a 4-connected maximal plane graph. If G− V (K) = ∅, then
G would have a 3-cut contrary to the 4-connectedness of G, and hence G = K . This contradicts Claim 1. 
Claim 4. G has at least one white edge.
Proof. Suppose that the white vertices are independent inG. By Claim 1, there are at least three white vertices, say u, v
and w. Since any neighbor of each of u, v and w is not white, and since there are at most six non-white vertices in G,
we have |NG(u)∩NG(v)∩NG(w)|3, by Claim 3. Therefore, G has a subgraph isomorphic to K3,3. By Kuratowski’s
theorem, this contradicts the planarity of G. 
By Claim 4, there is at least one white edge xy. Moreover, there is a separating 4-cycle  containing xy, by Claim
2. Let  be a separating 4-cycle of G, and let I and E be the connected components of G −  lying in the interior
and the exterior of  in G, respectively. Let I = G − E and let E be the plane graph which is a planar embedding
of G − I such that  is the outer cycle. Now we may assume that  is minimal, that is, there is no other separating
4-cycle through xy in I .
Claim 5. I has at least two vertices.
Proof. IfI has only one vertex, say v, then two edges vx and vy are non-vivid. By Claim 2, we can ﬁnd two separating
chordless 4-cycles through vx and vy, respectively. Similarly to Claim 3, we can conclude that G is the octahedron,
contrary to Claim 1. 
Claim 6. Each of I and E has both red and blue vertices.
Proof. Suppose that one of I and E , say I has no red vertices. Let G˜ be the graph obtained from G by contracting
I into a single vertex, say v. Then G˜ is a 4-connected maximal plane graph with |V (G˜)|< |V (G)|, by Claim 5. If I
contains at least one blue vertex, then we specify that v is blue in G˜. Otherwise, we specify v to be white in G˜. By the
assumption of G, G˜ is (3, 3)-linked, and hence there are red and blue connected graphs, denoted by G˜r and G˜b, in G˜,
respectively. If v is contained in neither G˜r nor G˜b, then we let GR = G˜r andGB = G˜b in G. If v is contained in G˜b,
then we let GR = G˜r and let GB be the graph obtained from G˜b by replacing v with I , therefore the claim holds. We
can do similarly when v is contained in G˜r. 
Claim 7. I has at most three vertices.
Proof. We ﬁrst prove that there is no white vertex in I . Suppose that there is a white vertex v in I . Since there is
no white edge in E(I ) − E(), by Claim 2 and the minimality of , all neighbors of v are not white. Hence I must
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Fig. 1. ′E with |′E | = 2.
contain at least ﬁve non-white vertices, by Claim 3. However, this implies that E has at most one non-white vertex,
contrary to Claim 6.
In order to prove the claim, we suppose that I has at least four vertices. For E , let ′ be a minimal separating
4-cycle of E through some white edge, say e, where possibly ′ =. Note that there is no white vertex in the interior
′I of ′, as proved similarly to the case for I . Therefore, by the assumption, there are at most two non-white vertices
in ′I , since G has at most six non-white vertices. By Claim 5, ′I has exactly two vertices, and hence ′I must be a
graph shown in Fig. 1, up to symmetry. However, we can clearly ﬁnd separating 4-cycle through e bounding a smaller
number of vertices than . This contradicts the minimality of ′ in E . 
Claim 8. Each vertex v of  has degree at least four in I .
Proof. Let = v1v2v3v4, where v1 and v2 are white vertices. Suppose NI (v3) = {v2, x, v4}. By Claim 5, v1v2xv4 is
a separating 4-cycle through white edge v1v2 in I , other than . This contradicts the minimality of . Thus, we have
degI (v3)4. Similarly, we have degI (v4)4. Now suppose NI (v1) = {v2, x, v4}. Since v1x is non-vivid, v1x lies
on a separating chordless 4-cycle, say C, by Claim 2. Since C must pass through v3 and since C has length four, there
exists an edge joining x and v3 in G. Since G is 4-connected, I consists of only one vertex x. This contradicts Claim
5. Therefore, we have degI (v1)4. Similarly, we have degI (v2)4. 
It is easy to see that Claim 8 implies that |V (I )|4, since G has no 3-cut. However, this contradicts Claim 7.
Therefore, the counterexample G does not exist, and the theorem holds.
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